Our method is based on an implementation of quasi-statistical modeling for improving meshes by producing mesh elements with modeled values of different mesh quality parameters. In this paper we implement this approach to triangular surface mesh. Considering the initial distribution of the mesh quality parameter values, we assume that after improvement the distribution of elements of the mesh varies from a rather random distribution to a smoother one, such as a normal distribution. The preliminary choice of the desirable distribution affects the new parameter values modeled by the formula presented here. Uncertainty of the smoothed vertex positions of the mesh element affords to use a statistical approach in sense of random variable modeling to connect quasi-statistical modeling and mesh improvement techniques. The so-called "kernel" method allows creating different applicable to a mesh processing algorithms, which can be interpreted as a kind of smoothing technique to determine vertex direction movement with the distribution control of the shape of mesh elements. An aspect ratio is mainly used in present research as a mesh quality parameter. The geometry of the initial mesh surface is preserved by local mesh improving such that the new positions of the interior nodes of the mesh remain on the original discrete surface. Our method can be interpreted as a kind of smoothing technique with using the distribution control of the mesh quality parameter values. This method is comparable with optimization-based approach for avoiding the invalid elements of the mesh by producing a mesh with a rather homogeneous distribution of the mesh elements. Experimental results are included to demonstrate the functionality of our method. This method can be used at a pre-process stage for subsequent studies (finite element analysis, computer graphics, etc.) by providing the better-input parameters for these processes.
Introduction
The mesh quality improvement is an almost obligatory step for preprocessing of mesh data in finite element method (FEM). In spite of a flurry of activity in the fields of mesh modification, this matter remains a difficult and computationally expensive problem.
There are many improvement techniques for optimal point placement (see Ref.
(1) and references therein). Most of them are based on the idea of local optimization and require an improvement of such mesh quality parameters as aspect ratio, an element area, and etc. Global mesh optimization has been studied recently in Ref. (2) . In spite of the well-known fact that local enhancement does not often provide reliable results, local methods are preferable in many applications dealing with rather large set of polygons, because the computational time involved is much less than for global-based techniques. In fact, these methods can be called deterministic methods. Recently, a statistical approach to the mesh quality parameter control was discussed in Ref. (3) . For practical applications, it is necessary that results of a mesh improvement should allow the construction of the topologically correct meshes. However, it is very difficult or even impossible to generate a mesh with elements, which the mesh quality parameter values correspond exactly to ideal values (in the case of triangular mesh equal to unity values).
Let us here briefly overview methods of the mesh optimization that are related to computer-aided design (CAD) and computer-aided engineering (CAE) applications.
There are two main ways of improving mesh quality: (1) modification of the mesh topology by inserting or deleting nodes, or by local reconnection; (2) smoothing technique. In Ref. (4) the definition of smoothing technique is introduced as correction of poorly shaped elements. Smoothing is an operation to produce elements closely resembling to theoretical elements.
Among the earliest of these methods is Laplacian smoothing (5) , (6) and its variations. In the Laplacian smoothing technique, nodes are moved in the areas of poorly conditioned elements of the mesh. The Laplacian algorithm locates an offending node and moves it to the centroid of the surrounding nodes for improving the shape of the elements. On some non-convex domains, nodes can be pulled outside the boundary. An angle smoother in 2D that tends to mount torsion springs between nodes and minimize the system energy was proposed in Ref. (7) . In optimization-based methods, instead of moving each node in the basis of some geometric characteristic as done in Laplacian and angle-based smoothing, so-called cost function is minimized. There are several kinds of cost functions: minimum/maximum angle (8) , (9) , aspect ratio (10) and distortion metrics (11) - (13) . While optimizationbased methods are very effective to avoid the invalid elements, the computational time involved is much higher than for Laplacian and angle-based techniques. Therefore in Refs. (8) and (11) it was recommended that a combined Laplacian/optimization-based approach should be applied. In the physically based methods, it is assumed that nodes are moved under the influence of some forces so that the shape of the incident elements is improved. In Refs. (14) and (15) authors consider a mesh as a system of springs that exert repulsive or attractive forces. In the methods in Refs. (16) - (18) nodes are moved to attain equilibrium at centers of bubbles. Some physically based methods can be classified as the optimization-based techniques. For instance, in Ref. (19) the forces at each node is considered. Simulation of these forces and the minimum energy configuration are defined by using an optimization procedure.
In the recent years, CG community has paid more attention to mesh smoothing based on a signal processing approach, pioneered by Taubin in 1995 (20) . Rational filters offer an approach to mesh smoothing (21) , where a Laplacian operator and a curvature operator are used to remove undesirable noise. Subdivision schemes are an alternative approach to the problem. Nevertheless, subdivision schemes (22) are able to deal with the arbitrary topology but not with the arbitrary connectivity, as was mentioned by Kobbelt et al. in Ref. (23) . There are the applications where the well-shaped triangulations are needed; in addition to the deterioration in the accuracy of calculations, speed may be sacrificed in some applications. Still, the well-shaped triangulations may in fact be useful, as was mentioned in Ref. (24) "forty-odd years after the invention of the finite element method, our understanding of the relationship between mesh geometry, numerical accuracy, and stiffness matrix conditioning remains incomplete, even in the simplest cases." If a mesh is created for FEM applications, it is very important to control the mesh gradation smoothness. Shape elements have a strong influence on a discretization error. When the mesh gradations are not smooth, the discretization error of the neighboring elements changes markedly. From the physical point of view, this means that the relative stiffness of neighboring elements also changes significantly that may cause problems in many tasks. For instance, all transient simulations are concerned with tracking phenomenon that propagates through the domain. If stiffness changes are too large propagation information can be made to incorrectly reflect back in the opposite direction, just as would occur when a stress wave hits the interface of materials of different stiffness (25) . Our approach is to model random variable with the desirable distribution based on an initial topology of the mesh. The goal of the presented method is to optimize the shapes of elements of any kind of the mesh by producing the mesh elements with a Gaussian (normal) distribution of the mesh quality parameter values. This method can be used at a pre-process stage for subsequent studies (finite element analysis (FEM (26) ), computer graphics (CG), etc.) based on triangular meshes by providing the better-input parameters for them. Our method can be interpreted as a kind of smoothing technique with using the distribution control of the mesh quality parameter values. This method is comparable with optimization-based approach or the combined Laplacian/optimization-based method for avoiding the invalid elements of the mesh.
By "improvement of the mesh quality", we understand a process of producing a mesh with a rather homogeneous distribution of the mesh elements. Using quasistatistical modeling for improving the triangular mesh is discussed. In this paper we call our method the "kernel". The rest of the paper is organized as follows. Connection between modeled values and mesh improvement is discussed in section 2. Section 3 contains three different mesh improvement algorithms based on the "kernel". Properties of the "kernel" method are presented in section 4. Section 5 includes conclusion remarks.
Organization of the Mesh Improvement Process
Based on Quasi-Statistical Modeling
1 Definition of the "kernel"
We consider the process of the mesh improvement with respect to the mesh quality parameter. Modeling of random variable ζ with some given distribution by means of random, pseudo-random numbers is comprehensively discussed in book (27) . Derivation of the formula is usually done for the values ζ i of random variable. Quasistatistical modeling and final formula for uniformly distributed mesh quality parameter values are briefly explained below, where quasi-random numbers are taken from the initial shapes of the mesh elements. The combination of quasi-statistical modeling and mesh processing means to connect modeling of random variable and geometry of the mesh. There are several ways to refer modeled values ζ i of random variable to the mesh elements. To attain the efficient performance of the mesh improvement problem by means of quasi-statistical modeling, the neighbors of each vertex of the mesh are considered and the most likely values are modeled. Thus, we define a star as a set of elements sharing a node/center whose boundary forms a polygon. A finite set of the values ζ i (modeled for each element of the star) is called the realization of random variable ζ. Modeling of such local realizations of one global random variable provides some latitude in the choice of point placement allowing softer "transformations" of the elements to be produced. In such a way, the probabilistic direction of the vertex placement is to be determined. Figure 1 demonstrates our combination of two proceedings, which we call "kernel". The "kernel" is the base of all developed algorithms of the mesh improvement according to the different mesh quality parameter.
The scheme shown in Fig. 1 illustrates implementation of quasi-statistical modeling to mesh improving. Let us give here an additional explanation of the "kernel" and interpretation due to the Fig. 1 . An aspect ratio (AR) is mainly used in present research as a mesh quality parameter. AR value is calculated in 2D space, where 3D coordinates of the local vertices are projected onto a local average plane (see Ref. (28)) and defined as a ratio of the maximum edge length to the minimum edge length of an element of the triangular mesh. This definition determines probabilistic space as X = [1,a max ]. Usually, in statistics with a large amount of random sampling, experimental data are grouped into special intervals showing the number of elements that lie in such intervals of probabilistic space fragmentation. Since the empirical distribution of experimental data is discrete, we consider the frequency histogram as an analogue of density function over this space X. Considering the initial distribution of AR values, we assume that after refinement the distribution varies from a rather random distribution to a smoother one, such as the Gaussian normal distribution. The choice of distribution affects the new AR values modeled by the derived formula.
Consider N elements of the star with its AR values equal to a 1 ,...,a N . One can apply probabilistic analysis over intervals (n j ,n j+1 ) (for some integer number k, where 
For equilateral triangle µ = 1. Statistical parameters such as the deviation D of AR values a i from the average AR value M, probabilistic values F i for the AR values a i lying inside the interval (n 0 ,n j+1 ) and histogram values f i are classically defined for discrete case.
2 Geometrical realization
The technique is applied for each star, centered at a processed point of the star as it shown in Fig. 2 . Consider a triangle element of the star with a fixed boundary and let the inner point of the star freely slide. Afterwards, for each element we find a new vertex position (center) that provides a potential shape of the element. This means that each element has a potential AR value a * i calculated by Eq. (1). The potential geometrical form for each fixed boundary edge AB in the star is generated according to this value, which is ideal one with respect to shapes of the current element's neighbors. Figure 2 (d) shows that various shapes of a triangular element correspond to a given AR value a * i . It is natural to maximize the minimum angle α adjacent to the boundary edge of the proceeding element to receive coordinates of the optimal center C, where ideal center C corresponds to equilateral triangle. Finally, averaging coordinates of the potential centers derives the new coordinates of the center of the star. We call such proceeding an operation on the star. Operation on the star works effectively on convex stars. The vertex with the valency three creates three neighboring concave stars. Thus to achieve good geometrical realization on the star we pro- pose to delete the vertex with the valency three in the entire initial mesh. Figure 2 shows, from left to right: the initial star, potential forms of the elements of the star, and the averaged coordinates of the inner potential points for an arbitrarily chosen star.
3 Uniforming of mesh elements
After operation on the star, there is no too bad element near a good one. If such situation occurs in the initial star, then after suggested improvement the good element will share its "goodness" with the badly shaped element. While operation on a star is implemented, quasi-random numbers are determined from the local data, which are probabilities of the mesh quality parameter values corresponding to the star elements. Thus according to suggested approach the final mesh has the following property: each pair of coherent mesh elements has mesh quality parameter values with respect to each other. It means that after point placement due to Gaussian distribution any coherent elements in the mesh are uniformly shaped. Consider two neighbors of arbitrary star with aspect ratio values a i and a j after improvement process by our method (Fig. 3 (c) ) and with aspect ratio values a L i and a L j after Laplacian smoothing (Fig. 3 (b) ). The inequality
| is true for any pair of such neighbors. Next, as if operation on a star is applied to each node, then all the stars are finally considered and overlapped (Fig. 3) . Overlapping of the stars and uniforming shape change in each star provide uniform change from star to star elements. Finally, smoothness of each pair of neighbors of the mesh are guaranteed. This means that the "kernel" allows to realize a "gentle" mesh improvement and to provide a rather smooth correction of the neighbouring mesh elements.
Refusing for each element the same possibility of the highest quality at the expense of others, we generate equal mass of the uniform-quality elements. However, implementation of quasi-statistical modeling with another formula for new mesh quality parameter values can provide another final results with the same approach. For example, if a * i = 1, it becomes an analogy to the Laplacian smoothing algorithm, which produces mostly equilateral elements by placing point into centroid of the star. Actually proposed method is not directly comparable with existing algorithms and sometimes with one or two iterations gives similar results like others. However, it generates elements with smooth change of its shape and for the task of decreasing discretization error, it is more appropriate. Moreover, quasi-statistical modeling of new mesh quality parameter values allows giving a glance on mesh improvement process and possibility to satisfy many mesh quality requirements.
Algorithms Based on the "kernel"
Modeling of the random variable for mesh improving and the mesh treatment possibility depend on modeling formula, the uniformity of initial distribution in each star and on a sequence of inclusion of points (centres of the stars) in mesh processing. This statement in terms of the mesh is considered as a justification of using "quasi" in the name of the proposed approach (Fig. 1) . Another fact comes to be true: the independency of different local re- alizations of one random variable leads to more efficient algorithms in the sense of invention of random variable. Three possible variants of the "kernel" use have been investigated. We enumerate foundations of the proposed algorithms with explained details, histograms distribution of the mesh elements and experimental results.
1 Gentle improvement algorithm
A gentle improvement algorithm (GIA) produces a "gentle" correction without pulling all the elements to the ideal case of equilateral one.
In the GIA each star is selected according to the node's indices of the initial mesh generation, which is a kind of arbitrary choice that provides independent local realizations of modeled values of random variable. The operation on the star described in section 2 is applied for each chosen star. Modeled values ζ i for each star are realized in the way explained ibid. Modeling random variable ζ with Gaussian distribution is incarnated into the generated mesh. Global result in the sense of distribution and smooth correction of elements is reached. (Fig. 4) . Figure 6 demonstrates more one example of the use of the GIA.
Statistics of the mesh quality (Fig. 6 ) is: the initial mesh, M = 1.73, D = 0.63; after the use of GIA, M = 1.49, D = 0.36. Calculation time of processing is 50 sec (1 iteration).
2 Algorithm "wave"
The idea of the "wave" is to select each star by a special rule, which distorts the independency and change the global result. Benefits of the operation on a star are also seen from flexibility of its implementation.
The rule of the choice of the star can be formulated as follows (Fig. 7): 1 ) Select an initial star by arbitrary chosen point P 0 1 (this point is controlled by the user), which is assumed to be the centre of this star. Such star is called the centre of the wave. This star is also supposed to be the initial layer of the wave. ). During this proceeding, some additional check is done whether the wave overflows or not. In the case it does the next layer of the wave just is formed with incoherent boundary consisting of several pieces. Figures 8 and 9 demonstrate results of the application of the "wave". This algorithm allows defining finite number of the wave layers. Then proceeding stops before the total wave is passed. This is a kind of the wave attenuation -n-layered wave -that allows improving only a part of the surface instead of the entire huge model. In Fig. 9 (a) the initial mesh has the elements with very small angles. In Fig. 9 (b) we can see that after improving angle values are increased. Figure 9 (c) demonstrates the improved mesh with uniform boundary nodes placement. Our improvement method by combination with the topological modification can provide the mesh suitable for further numerical calculations.
Calculation time depends on the number of the layers.
3 Algorithm "triangle-tail"
In this case, the process begins from selecting the mesh elements with the large aspect ratio values (Fig. 10) .
We call these elements the "tail". After determining such tails, each of them initiates n-layered wave so as each vertex of the element becomes a center of the star of the initial layer P 0 1 , P 0 2 , P 0 3 . Then the same proceeding like in the " wave" is implemented.
This algorithm can be used for a full-sized model as well as for a certain number of the layers. For instance, drop the n-layered wave on the bad triangle so that the triangle is the centre of the wave. Some of the bad elements can be treated in such a way, but not all of them. Finally they can be deleted but this is a subject of the next algo- Fig. 10 Scheme of the layer proceeding and the choice of the star in the "triangle-tail" (a) (b) Fig. 11 Fragment of the mesh and histograms distribution of the mesh elements (model "bunny"): (a) the initial mesh; (b) the same fragment after using the "triangle-tail" (a) (b) Fig. 12 Fragment of the mesh and histogram distribution of the mesh elements (model "bunny") using the "triangle-tail" algorithm: (a) the initial mesh; (b) the same fragment after the use of the "triangle-tail" algorithm rithm. Here the uniformity of distribution can be far from the Gaussian one, because the condition on independency of selecting stars is not satisfied. In Figs. 11 and 12 we show the results of this algorithm.
Statistics of the mesh quality (Fig. 11) 3. 4 Comparison of triangle mesh improvement algorithms based on the "kernel" Figure 13 demonstrates mesh fragments of the model "ballJoint" in realization by the algorithms discussed above.
As we can estimate the results, the GIA is preferable for processing "large" models because we can obtain good shape elements of mesh with the low time cost; "wave" algorithm can be used for "small" models when time cost is reasonable; the best use of "triangle-tail" algorithm is to improve the part of the mesh with the elements with large aspect ratio values. This is one point of view on the problem in sense of application. From the other point of view, the GIA is more appropriate for the interpretation of the "kernel", in the sense of Gaussian distribution of mesh elements. Distribution control is guaranteed in such a case. Moreover, while modeled global random variable is incarnated into the improved mesh, corresponding improvement algorithm can be less or more efficient according to a dependence or an independence of the different local realizations ζ i of this random variable ζ. Proposed above algorithms for the various needs show experimentally the influence of the choice of the star on the distribution of the improved mesh. All calculations are produced on Microsoft Windows XP, Pentium III, 1 000 MHz/128 MB RAM.
Properties of the "kernel" Method
Verification of the algorithms is very useful. Such as "wave" or "triangle-tail" algorithms can be applied for entire model or only a part of it, correcting only desirable regions.
In Fig. 14 we demonstrate the visual results and histograms distribution of the improved mesh received by the different algorithms. In the cases (d), (e), (f) the mesh was produced by a publicly available software http://www.mpi-sb.mpg.de/%7Ebelyaev/soft/soft.html Finally, the "kernel" has the following properties: 1 ) The method can serve as a base for creating various algorithms for different mesh quality requirements and any kind of meshes.
2 ) Quasi-statistical modeling for mesh processing provides an opportunity to give a glance on the mesh improvement procedure in the sense of random variable modeling. This consideration can put an end-point to the extensive study of the mesh improvement algorithms.
3 ) One/two iteration steps are enough to attain the most effective results of the mesh improvement. This property can be stated as a meaning advantage of the proposed method.
4 ) The algorithms developed based on the "kernel" work on 2D and 3D meshes due to the quasi-statistical modeling that is realized by determined pseudo-random numbers.
5 ) The possibility of receiving various distributions by refusing to apply the Gaussian distribution of the mesh quality parameter values exists. For example, proceeding the "kernel" with the GIA and corresponding parameter of mesh distribution requirement a * i = 1 (Fig. 14 (c) ) leads to the same distribution of the resulting mesh as in the case of Bilaplacian (Kobbelt) smoothing (Fig. 14 (f) ), which is a kind of the Laplacian technique.
6 ) Various mesh quality requirements, any kinds of the meshes, automatic distribution control enable the user to add available and selected capabilities to applications.
7 ) The choice of various mesh quality parameters is taken into the potentials of the "kernel". Mesh quality improvement in the stage of the mesh generation can be considered as well with adaptation of the "kernel" to this processing.
8 ) The geometry of the initial mesh surface is preserved by local mesh improving such that the new positions of the interior nodes of the mesh remain on the original discrete surface (Fig. 15) . We can see in this figure that improved mesh surface and the volume of the model "Joint" are preserved. In the case of using 100 iterations of the Laplacian smoothing the surface is oversmoothed and the difference in volume between the tested initial model and final one is changed vastly.
Concluding Remarks
We have investigated the implementation of quasistatistical modeling for triangle mesh improvement. Modeling random variable with the desirable distribution based on quasi-random numbers and initial topology of the mesh, which influences on the effectiveness of the geometrical realization, was discussed. The operation on the star proposed for incarnation of modeling random variable works perfectly mostly on the convex stars. From geometrical realization point of view our method can be used as a kind of the smoothing technique where the probabilistic direction of the point placement is calculated. In order to effect on the development of algorithm, some additional Fig. 15 (a) The initial model; (b) after using "wave", (c) after the Laplacian smoothing modification of the mesh topology can be suggested in future research. The shape of the investigated objects is changed slightly. The difference in volume between the tested initial models and final one is as order of hundredth percents. Notice that there is still no one improvement technique that works for both 2D and 3D surface meshes to produce the "good" quality elements and give a reasonable control to the user, yet has an efficiency that compares to Laplacian smoothing. An effort to fill the gaps existing in mesh smoothing techniques was done in Ref. (29) by symbolical combination of old and some new methods. But the main drawback of that variation algorithm is the use of different methods for each node of the mesh according to patterns.
A new approach to use quasi-statistical modeling is proposed in this work as a universal and multi-purpose method that can provide various algorithms based on the "kernel" for mesh improvement of any kind. Main experi-ments on triangular meshes were stated above. The geometry of the initial mesh surface is preserved by local mesh improving such that the new positions of the interior nodes of the mesh remain on the original discrete surface. This method can be applied to improving volume (tetrahedral, hexahedral and mixed) meshes also.
Our experimental results of the combination GIA and mesh simplification technique demonstrate the functionality of the proposed approach. This method can be used in CAD and CAE applications. The proposed method can be realized in the different algorithms even those which have not been stated yet. One also can try to develop the "kernel" for the other mesh processing, such as mesh generation.
